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Rotation and shear flows are ubiquitous features of many astrophysical and geophysical bodies. To under-
stand their origin and effect on turbulent transport in these systems, we consider a forced turbulence and
investigate the combined effect of rotation and shear flow on the turbulence properties. Specifically, we study
how rotation and flow shear influence the generation of shear flow �e.g., the direction of energy cascade�,
turbulence level, transport of particles and momentum, and the anisotropy in these quantities. In all the cases
considered, turbulence amplitude is always quenched due to strong shear ��=�ky

2 /A�1, where A is the
shearing rate, � is the molecular viscosity, and ky is a characteristic wave number of small-scale turbulence�,
with stronger reduction in the direction of the shear than those in the perpendicular directions. Specifically, in
the large rotation limit ���A�, they scale as A−1 and A−1�ln ��, respectively, while in the weak rotation limit
���A�, they scale as A−1 and A−2/3, respectively. Thus, flow shear always leads to weak turbulence with an
effectively stronger turbulence in the plane perpendicular to shear than in the shear direction, regardless of
rotation rate. The anisotropy in turbulence amplitude is, however, weaker by a factor of �1/3�ln �� �
�A−1/3�ln ��� in the rapid rotation limit ���A� than that in the weak rotation limit ���A� since rotation
favors almost-isotropic turbulence. Compared to turbulence amplitude, particle transport is found to crucially
depend on whether rotation is stronger or weaker than flow shear. When rotation is stronger than flow shear
���A�, the transport is inhibited by inertial waves, being quenched inversely proportional to the rotation rate
�i.e., ��−1� while in the opposite case, it is reduced by shearing as A−1. Furthermore, the anisotropy is found
to be very weak in the strong rotation limit �by a factor of 2� while significant in the strong shear limit. The
turbulent viscosity is found to be negative with inverse cascade of energy as long as rotation is sufficiently
strong compared to flow shear ���A� while positive in the opposite limit of weak rotation ���A�. Even if
the eddy viscosity is negative for strong rotation ���A�, flow shear, which transfers energy to small scales,
has an interesting effect by slowing down the rate of inverse cascade with the value of negative eddy viscosity
decreasing as ��T��A−2 for strong shear. Furthermore, the interaction between the shear and the rotation is
shown to give rise to a nondiffusive flux of angular momentum �� effect�, even in the absence of external
sources of anisotropy. This effect provides a mechanism for the existence of shearing structures in astrophysi-
cal and geophysical systems.
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I. INTRODUCTION

Rotating turbulent flows can be found in many areas such
as engineering �turbomachinery, combustion engine�, geo-
physics �oceans, Earth’s atmosphere�, or astrophysics �gas-
eous planets, galactic and accretion disks�. Large-scale fluid
motions tend to appear as a robust feature in these systems,
often in the form of shear flows �such as circulations on the
surface of planets, differential rotation in stars, and galaxies
or flows in a rotating machinery�. There has been accumu-
lating evidence that large-scale shear flows as well as rota-
tion play a crucial role in determining turbulence properties
and transport, such as energy transfer or mixing �see below
for more details�. The understanding of the physical mecha-
nism for the generation of large-scale shear flows and the
complex interaction among rotation, shear flows, and turbu-
lence thus lies at the heart of the predictive theory of turbu-
lent transport in many systems.

A. Summary of previous works

While both rotation and shear flow apparently have a
similar effect on quenching turbulent transport, the efficiency
of their effects as well as the basic physical mechanisms are
totally different. It is thus useful to contrast these in detail.

1. Sheared turbulence

The main effect of shear flow is to advect turbulent eddies
differentially, elongating and distorting their shapes, thereby
rapidly generating small scales which are ultimately dis-
rupted by molecular dissipation on small scales �see Fig. 1�.
That is, flow shear facilitates the cascade of various quanti-
ties such as energy or mean square scalar density to small
scales �i.e., direct cascade� in the system, enhancing their
dissipation rate. As a result, the turbulence level as well as
the turbulent transport of these quantities can be significantly
reduced compared to the case without shear. Another impor-
tant consequence of shearing is to induce anisotropic trans-
port and turbulent level since flow shear directly influences
the component parallel to itself �i.e., the x component in Fig.
1� via elongation while only indirectly to the other two com-
ponents �i.e., y and z components in Fig. 1� through en-
hanced dissipation. This shearing effect of shear flow can be
captured by time-dependent Fourier transform where the
wave number in the shearing direction �e.g., kx in Fig. 1�
increases linearly in time �1–3�.

It is important to emphasize that the aforementioned
shearing effect �due to differential advection� is via nonlocal
interaction between large- and small-scale modes, and can
dominate over nonlinear local interaction between small
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scales for sufficiently strong flow shear �e.g., �4��. Therefore,
the evolution of small-scale quantities can be treated as lin-
ear by neglecting local interactions compared to nonlocal
interactions. This formulation, also called the rapid distortion
theory �RDT� by various previous authors �2,5�, was used to
study the linear response of turbulence to a mean flow with
spatially uniform gradients. The linear treatment of fluctua-
tions by incorporating strong flow shear was also used in the
astrophysical context by �1� by using shearing coordinates.
The generation of large-scale shear flows �the so-called zonal
flows� through a similar nonlocal interaction has been in-
tensely studied in the magnetically confined plasmas, where
turbulence quenching by shear flow is believed to be one of
the most promising mechanisms for improving plasma con-
finement �6,7�.

In decaying sheared turbulence, �8� have shown a surpris-
ingly good agreement between the RDT predictions and nu-
merical simulations. Forced sheared turbulence was pro-
posed for the first time by �9� in the context of two-
dimensional near-wall turbulence to explain the logarithmic
dependence of the large-scale velocity on the distance to the
wall. In that case, the external forcing is provided by a con-
tinuous supply of vorticity from an intermittent coherent
burst of vorticity coming from the viscous layer. This work
was later generalized to three dimensions �10,11� with the
same conclusions. Subsequently, theoretical predictions �us-
ing a quasilinear theory� for the transport of passive scalar

fields in two-dimensional �2D� hydrodynamic turbulence by
�12� and �13� have been beautifully confirmed by recent nu-
merical simulations �14�. In particular, they have shown that
turbulent transport of particles can be severely quenched in-
versely proportional to flow shear A while the turbulence
level is reduced as A−5/3. Reference �3� has shown that in
three-dimensional �3D� forced HD turbulence, strong flow
shear can quench the turbulence level and transport of par-
ticles with strong anisotropy �much weaker along the flow
shear, which is directly affected by shearing� and has empha-
sized the difference in turbulence level and transport, which
is often used interchangeably in literature. A similar weak
anisotropic transport was shown for momentum transport by
�15� in forced 3D HD turbulence. Further investigations have
been performed on turbulent transport in forced turbulence
by incorporating the interaction of sheared turbulence with
different types of waves that can be excited due to magnetic
fields �16–18�, stratification �19�, or both magnetic fields and
stratification �20�.

2. Rotating turbulence

Rotation has both similar and different effects on turbu-
lent transport. First, rotation can reduce transport in the limit
of rapid rotation �similarly to flow shear�, but through a
physical mechanism that is different from that of shear,
namely, by phase mixing of inertial waves �21�. It also in-
duces only slight anisotropy in the transport �by a factor of

Typical distance an eddy can transport a passive scalar field

Background shearing flow

Turbulent eddy
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y

FIG. 1. Sketch of the effect of shear on a turbulent eddy.
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2�, much less significant than the strong anisotropy due to
shear. Further, since phase mixing affects turbulent transport
without necessarily quenching the turbulence level, the tur-
bulence level may not be affected by rotation. This reduction
in transport without much effect on the turbulence level is a
common feature of turbulence strongly affected by waves,
and is also found in MHD turbulence where magnetic fields
support Alfven waves �16,17,22�, and stratified turbulence
�19� where stable stratification excites internal gravity waves.
A more striking difference between flow shear and rotation is
that rotation facilitates the cascade energy to large scale, gen-
erating large-scale flows. For instance, in the extreme limit
of very rapid rotation, the fluid motion becomes independent
of the coordinate along the rotation axis �the so-called
Taylor-Proudman theorem �23,24��. The generation of large-
scale flow has been shown by various numerical simulations
including �25� and �26�. In particular, �26� have shown that
the inverse cascade of energy is more pronounced in forced
turbulence due to statistical triadic transfer through nonlocal
interaction.

It is important to note that this nonlocal interaction lead-
ing to inverse cascade can be successfully captured by inho-
mogeneous RDT theory, which permits the feedback of the
nonlinear local interaction between small scales onto the
large scales via Reynolds stress �constituting the other part of
quasilinear analysis� while neglecting nonlinear local inter-
action between small scales for fluctuations compared to
nonlocal interactions. As must be obvious by comparing the
Coriolis force with nonlinear advection terms, the RDT
works well for sufficiently strong rotation �small Rossby
number� even in the absence of shear flow. For instance, the
agreement of the RDT prediction with numerical results has
been shown by various previous authors including �25�, but
mostly in decaying turbulence. However, in this case, the
RDT cannot accurately capture the turbulence structure in
the plane perpendicular to rotation axis where nonlinear local
interactions between inertial waves seem important �see, e.g.,
�26��. The validity and weakness of the RDT together with a
comparison with various numerical simulation �without an
external forcing� with and without shear flows and stratifica-
tion can be found in excellent review by �27� and Cambon
and �28�, to which readers are referred for more details.

In comparison, far less is understood in the case of forced
turbulence. In particular, the main interest in forced turbu-
lence is a long-term time behavior where the dissipation,
enhanced by shear distortion, is balanced by energy input,
thereby playing a crucial role in leading to a steady equilib-
rium state. The computational study of this long-time behav-
ior is, however, not only expensive but also difficult because
of the limit on numerical accuracy, as noted by �29�. There-
fore, analytical theory by capturing shearing effect �such as
quasilinear theory with time-dependent wave number� would
be extremely useful in obtaining physical insights into the
problem as well as guiding future computational investiga-
tions. We note that the previous works by Kichatinov and
Rudiger and collaborators �30–34� using quasilinear theory
are valid only in the limit of weak shear. We further note that
physically, the local nonlinear interactions in a Navier-Stokes
equation can be captured by an external forcing �35,36�.

B. Main objectives and methodology

Our main motivation is to understand the origin of large-
scale shear flow and its effect on turbulent transport in rotat-
ing systems. To this end, we consider a forced turbulence and
investigate the combined effect of rotation and shear flow on
the turbulence properties including transport of momentum
and particles. Specifically, we are interested in how rotation
and flow shear influence the generation of shear flow �e.g.,
the direction of energy cascade�, turbulence level, transport
of particles and momentum, and the anisotropy in these
quantities. Given the differences or similarities in the effects
of flow shear and rotation �as discussed in Sec. I A�, of par-
ticular interest is the identification of the relative strength of
flow shear to rotation rate for the crossover between inverse
and direct cascades and isotropic and almost-isotropic turbu-
lence or transport. Recalling that flow shear of strength A
acts over the time scale A−1 while rotation induces inertial
waves of frequency ��, one could naively think that flow
shear would dominate the effect of rotation for sufficiently
strong shear with A�� while the effect of flow shear may
be neglected in the opposite limit A��. This will, however,
be shown to be true only in the case of the transport of
passive scalar fields and for the sign of eddy viscosity. That
is, even in the case of weak shear compared to rotation A
��, the shear has yet a crucial effect on determining the
overall amplitude of the turbulence level and momentum
transport since its shearing process �generating small scales�
works coherently over more than one oscillation of the
waves. To complement this, we are also interested in how
shear-dominated turbulence is influenced by rotation. As will
be shown later, when the system is linearly stable, weak
rotation tends to make turbulence or transport more “isotro-
pic.”

Concerning momentum transport, another important ques-
tion is the possibility of nondiffusive transport. In rotating
turbulence, the inverse cascade can occur not only due to a
�diffusive� negative viscosity, but also due to nondiffusive
momentum transport. The latter is known as the anisotropic
kinetic 	 effect �AKA� �37� or as the � effect in the astro-
physical community. The appearance of a nondiffusive term
in the transport of angular momentum prevents a solid body
rotation from being a solution of the Reynolds equation
�38,39�, and thus act as a source for the generation of large-
scale shear flows. For instance, this effect has been advo-
cated as a robust mechanism to explain the differential rota-
tion in the solar convective zone. Starting from the Navier-
Stokes equation, it is possible to show that these fluxes arise
when there is a cause of anisotropy in the system, either due
to an anisotropic background turbulence �see �33�, and refer-
ences therein� or else due to inhomogeneities such as an
underlying stratification. We will show that nontrivial � ef-
fect can result from an anisotropy induced by shear flow on
the turbulence even when the driving force is isotropic, in
contrast to the case without shear flow where this effect ex-
ists only for anisotropic forcing �32�.

We note that although much less attention has been paid
to the effect of rotation and shear on mixing and transport of
scalars �such as pollutants, heat, or reacting species� com-
pared to momentum transport, this is an important problem
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in understanding the distribution and mixing of a variety of
physical quantities in different systems. For instance, obser-
vations show that the concentration of light elements at the
surface of the Sun is smaller than what is expected by com-
parison with Earth’s or meteorites abundance. As these light
elements can only be destroyed below a strong shear layer
�the so-called solar tachocline�, their transport is subject to
the effects of strong shear and rotation. The study of trans-
port of passive scalar has been mostly limited to the purely
rotating case �40,41� or nonrotating sheared turbulence
�42,43�. For purely rotating turbulence, linear theory has
shown a strong suppression of particle diffusion by rotation,
confirmed by numerical simulations �41�. In comparison, the
study of particle diffusion in sheared rotating turbulence was
done only by �44�, who found that numerical simulation re-
sults agree fairly well with his linear theory.

The purpose of this paper is to provide a theoretical pre-
diction on these issues by considering a 3D incompressible
fluid, forced by a small-scale external forcing. As we are
interested in the effect of flow shear, we capture this effect
nonperturbatively by using a time-dependent wave number
�see Eq. �3��. By assuming either sufficiently strong shear or
rotation rate, we employ a quasilinear analysis to compute
the turbulence level, eddy viscosity, and particle transport for
temporally short-correlated, homogeneous forcing. As the
computation of these quantities involve too complex inte-
grals to be analytically tractable, they are analytically com-
puted by assuming an ordering in time scales. In our prob-
lem, there are three important �inverse� time scales: the
shearing rate A, the rotation rate �, and the diffusion rate
D=�ky

2, where � is the �molecular� viscosity of the fluid and
ky

−1 is a characteristic small scale of the system. We first
distinguish the two cases of strong rotation ���A� and
weak rotation ���A�. The first regime of strong rotation
will be studied in the strong shear �A�D� and weak shear
�A�D� regime. On the other hand, the second regime of
weak rotation will be considered only in the strong shear
�A�D� case, as the effects of both shear and rotation disap-
pear in the opposite limit �A�D�. We believe that our re-
sults would provide not only useful physical insights in un-
derstanding the complex dynamics of rotating sheared
turbulence, but also serve as a guide for further theoretical or
computational works, especially considering the difficulty of
the numerical study of this system.

The remainder of the paper is organized as follows: in
Sec. II, we formulate our problem. Theoretical results of tur-
bulent intensity and turbulent transport are provided in Sec.
III. Some of the detailed analysis is provided only in Sec. III.
We then discuss our findings in the strong shear limit in Sec.
IV and provide concluding remarks in Sec. V. The effect of
rotation on the linear stability of shear flows and some of the
detailed algebra are provided in the Appendixes. Since the
analytical analyses performed in the paper are quite in-
volved, some of the readers who are mainly interested in the
results might wish to go to Secs. IV and V after reading Sec.
II.

II. MODEL

We consider an incompressible fluid in a rotating frame

with average rotation rate �̃, which are governed by

�tu + u · �u = − �P + ��2u + F − 2�̃ 
 u ,

� · u = 0. �1�

Following �3�, we study the effect of a large-scale shear U0

=U0�x� ĵ on the transport properties of turbulence by writing
the velocity as a sum of a shear �chosen in the x direction�
and fluctuations: u=U0+v=U0�x� ĵ+v=−xA ĵ+v. Without
loss of generality, we assume A�0. In the following, we
consider the configuration of Fig. 2, where the shear and
rotation �in the z direction� are perpendicular and simplify

notation by using �=2�˜. Then, the Coriolis force is simply
��−uyi+uxj�, where i, j, and k are the unit vectors associated
with the Cartesian coordinates. Note that our x−y coordi-
nates are not conventional in that our x and y directions
correspond to y and x in previous works �see �29�, for in-
stance�. Therefore, the shearing, the streamwise, and the
spanwise direction correspond to the x, y, and z direction,
respectively.

To calculate turbulence amplitude �or kinetic energy� and
turbulent transport, we need to solve the equation for the
fluctuating velocity field. To this end, we employ the quasi-
linear theory �45�, where the nonlinear local interactions be-
tween small scales are neglected compared to nonlocal inter-
actions between large and small scales and obtain

�tv + U0 · �v + v · �U0 = − �p + ��2v + f − � 
 v ,

� · v = 0, �2�

where p and f are, respectively, the small-scale components
of the pressure and forcing. As noted in the Introduction, this
approximation, also known as the RDT �2�, is justified in the
case of strong shear as the latter induces a weak turbulence,
leading to a weak interaction between small scales, which is
negligible compared to the �nonlocal� interaction between
the shear and small scales. This has, in fact, been confirmed

z

y

x

A = −dUy

dx

Ω

FIG. 2. Sketch of the configuration in the perpendicular case.
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by direct numerical simulations, proving the validity of the
predictions of quasilinear theory with a constant-rate shear
both in the nonrotating �8� and rotating unforced �29� turbu-
lence and also for forced turbulence �14�. Further, note that
the quasilinear analysis is also valid in the limit of rapid
rotation �36�.

To solve Eq. �2�, we introduce a Fourier transform with a
wave number in the x direction evolving in time in order to
nonperturbatively incorporate the effect of the advection by
the mean shear flow �1–3� as follows:

v�x,t� =
1

�2��2� d3kei�kx�t�x+kyy+kzz�v̂�k,t� , �3�

where kx�t�=kx�0�+kyAt. From Eqs. �2� and �3�, we obtain
the following set of equations for the fluctuating velocity:

A�vx = − ikyp̂ + f̂ x + �v̂y ,

A�v̂y − Avx = − ikyp̂ + f̂ y − �v̂x,

A�v̂z = − ikzp̂ + f̂ z,

0 = v̂x + v̂y + �v̂z. �4�

Here, the new variables v̂= ṽ exp���kH
2 t+kx

3 /3kyA��, and

similarly for f̂ and p̂, have been used to absorb the diffusive
term, and the time variable has been changed to =kx�t� /ky.
In the remainder of the paper, we solve Eq. �4� for the fluc-
tuating velocity �with a vanishing velocity as the initial con-
dition�. We then use these results and the correlation of the
forcing �defined in SecII C� to compute the turbulence inten-
sity and transport �defined in Sec. II B�.

A. Transport of angular momentum

As the large-scale velocity is in the y direction, we are
mostly interested in the transport in that direction. The large-
scale equation for the y component of velocity U0 is given by
Eq. �1� with a supplementary term � ·R, where R is the
Reynolds stress given by

R = �vvy	 . �5�

To understand the effect of R on the transport of angular
momentum, one can formally Taylor expand it with respect
to the gradient of the large-scale flow as follows:

Ri = �iU0 − �T�xU0�i1 + ¯ = �iU0 + �TA�i1 + ¯ . �6�

Here, �i and �T are the two turbulent transport coefficients
from nondiffusive and diffusive momentum flux, respec-
tively. Note that the first term in the expansion is due to the
small-scale driving and the Coriolis force in Eq. �1�, which
break the Galilean invariance �46�. First, �T is the turbulent
�eddy� viscosity, which simply changes the viscosity from
the molecular value � to the effective value �+�T. Note that
the sign of eddy viscosity represents the direction of energy
cascade, with positive �negative� value for direct �inverse�
cascade. Second, the first term involving �i in Eq. �6� is

proportional to the rotation rate rather than the velocity gra-
dient. This means that it does not vanish for a constant ve-
locity field and thus permits the creation of gradient in the
large-scale velocity field. This term bears some similarity
with the 	 effect in dynamo theory �47,48� and has been
known as the � effect �30,38� or AKA effect �37�. Similarly
to the 	 effect, this effect exists only if the small-scale flow
lacks parity invariance �going from right-handed to left-
handed coordinates�. However, in contrast to the 	 effect, the
� effect requires anisotropy for its existence �30,37�.

B. Particle (or heat) transport

To study the influence of rotation and shear on the particle
and heat transport, we have to supplement Eq. �1� with an
advection-diffusion equation for these quantities. We here
focus on the transport of particles since a similar result also
holds for the heat transport. The density of particles N�x , t� is
governed by the following equation:

�tN + U · �N = D�2N , �7�

where D is the molecular diffusivity of the particle. Note
that, in the case of the heat equation, D should be replaced
by the molecular heat conductivity �. Writing the density as
the sum of a large-scale component N0 and small-scale fluc-
tuations n �N=N0+n�, we can express the evolution of the
transport of chemicals on large scales by

�tN0 + U0 · �N0 = �D�ij + DT
ij��i� jN0, �8�

where the turbulent diffusivity is defined as �vin	=−DT
ij� jN0.

DT
ij will analytically be computed to see the effect of rotation

and flow shear on turbulent transport of chemicals which can
be highly anisotropic. Note that the transport of a passive
scalar quantity �contrary to the angular momentum which is
a vector quantity� has to be diffusive due to the fact that it is
solely advected by the flow �49�.

For simplicity, we assume a unit Prandtl number D=� and
apply the transformation introduced in Eq. �3� to the density
fluctuation n to obtain the following equation:

�n̂ =
�− � jN0�

A v̂ j . �9�

Equation �9� simply shows that the fluctuating density of
particles can be obtained by integrating the fluctuating veloc-
ity in time.

C. External forcing

As mentioned in the Introduction, we consider a turbu-
lence driven by an external forcing f. To calculate the turbu-
lence amplitude and transport defined in Secs. II A and II B
�which involve quadratic functions of velocity and/or den-
sity�, we prescribe this forcing to be short correlated in time
�modeled by a � function� and homogeneous in space with
power spectrum �ij in the Fourier space. Specifically, we
assume
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� f̃ i�k1,t1� f̃ j�k2,t2�	 =  f�2��3��k1 + k2���t1 − t2��ij�k2� ,

�10�

for i and j=1, 2, or 3. The angular brackets stand for an
average over realizations of the forcing, and  f is the �short�
correlation time of the forcing. Note that the � correlation is
valid as long as the correction time  f is the shortest time
scale in the system �i.e.,  f ��−1 ,A−1 ,1 / ��k2��.

For most results that will be derived later, we assume an
incompressible and isotropic forcing where the spectrum of
the forcing is given by

�ij�k� = F�k���ij − kikj/k2� . �11�

It is easy to check that in the absence of rotation and shear,
this forcing leads to an isotropic turbulence with intensity as
follows:

�v0
2	 =

2 f

�2��2�
0

� F�k�
�

dk , �12�

where the subscript 0 stands for a turbulence without shear
and rotation.

In addition to an isotropic forcing, we will also consider
an anisotropic forcing in Sec. III A 2 to examine the com-
bined effect of rotation and anisotropy, which can lead to
nondiffusive fluxes of angular momentum. Specifically, we
consider an extremely anisotropic forcing with motion re-
stricted to a plane perpendicular to a given direction g. The
motion in this perpendicular plane is, however, assumed to
be isotropic. Such a forcing can be modeled by the following
power spectrum �33�:

�ij�k� = G�k�
�ij −
kikj

k2 −
�g · k�2

k2 �ij − gigj +
g · k

k2 �gikj

+ gjki�� . �13�

In that case, the turbulence without rotation or shear would
have the following properties:

��v0 · g�2	 = 0,

��v0 
 g�2	 =
2 f

3�2��2�
0

� G�k�
�

dk . �14�

III. ANALYTICAL RESULTS

The system �4� can be simplified to

�
2��� + 2�vx̂� + �2�̄��̄ − 1�vx̂ = �
h1��

A � − �̄�
h2��
A ,

�v̂z = −
�

�
��vx̂� + �

�̄ − 1

�
vx̂ +

h2��
�A

,

v̂y = − �vx̂ + �v̂z� . �15�

Here

�̄ = �/A, � = kz/ky, � = 1 + �2 = kH
2 /ky

2 �kH
2 = ky

2 + kz
2� ,

h1�� = � f̂ x −  f̂ y − � f̂ z, h2�� = f̂ z − � f̂ y . �16�

To solve the first of Eqs. �15�, which is a nonhomogeneous
second order differential equation, we need two boundary
conditions. We impose a vanishing initial velocity v�0�=0,

which implies v̂x�0�=0 and ��vx̂�=0
=h1�0� / ��+0

2�A. The
second boundary condition can be shown to be obtained in
the intermediate steps of deriving Eq. �15�.

The exact solution to Eq. �15� is obtained in Appendix A,
where we address the stability of the homogeneous solution
of the system �with f=0�. Computations of correlation func-
tions, by using this exact solution, however, turns out to be
too complex to be analytically tractable. To gain a physical
insight into the role of inertial waves and flow shear in tur-
bulent transport, we consider the two limits—�i� the strong
rotation where the effect of waves dominates shearing ��
�A� and �ii� the weak rotation where shearing dominates
the effects of waves ���A�. Approximate solutions can be
derived in these two regimes which can then be used for
deriving an analytic form of correlation functions for turbu-
lence intensity and transport.

A. Rapid rotation limit: ΩšA
When the rotation rate is much larger than the shearing

rate ��0= ��� /A�1�, the oscillation of inertial waves is
roughly coherent without being damped over shearing time
of A−1. Therefore, these waves can play a dominant role in
determining the direction of energy cascade �sign of eddy
viscosity� and transport of particles via phase mixing �i.e., by
affecting the phase relation�. However, as shown below, flow
shear can still have a nontrivial effect on turbulence by en-
hanced dissipation so long as it is stronger than molecular
dissipation. To characterize the latter, we introduce a param-
eter �=�ky

2 /A, the ratio of typical molecular dissipation rate
to shearing rate. Here, ky is the characteristic wave number
of the forcing in the streamwise direction. We can, for in-
stance, envision the forcing to have a spectrum peaked
around this characteristic wave number ky. In the following,
we examine the changes in turbulence characteristics in weak
���1� and strong ���1� shear limits to elucidate the effects
of flow shear in inertial wave-dominated turbulence.

In the rapid rotation limit �����A�, the solution of Eq.
�15� can be found by using WKB approximation �50� as

v̂x�� =
1

A�� + 2�3/4�
0



dt� ĥ1�t�
�� + t2�1/4cos�v�t,�� + ĥ2�t��� + t2�1/4� sin�v�t,�� ,
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v̂y�� =
1

A��� + 2�3/4�
0



dt� ĥ1�t�
�� + t2�1/4 �−  cos�v�t,�� + ���� + 2 sin�v�t,��� + ĥ2�t��� + t2�1/4�− � sin�v�t,��

− ��� + 2 cos�v�t,��� ,

v̂z�� =
1

A��� + 2�3/4�
0



dt� ĥ1�t�
�� + t2�1/4 �− � cos�v�t,�� − ��� + 2 sin�v�t,��� + ĥ2�t��� + t2�1/4�− �� sin�v�t,��

+ �� + 2 cos�v�t,��� . �17�

Here,

�0 = ��̄�, �0 = ����0, � = sign���̄� ,

s�t� = �1 −
1

2�̄
�arcsinh� t

��
� + O� 1

�0
2� ,

v�t,� = �0�s�t� − s��� . �18�

In the following subsections, we compute the various corre-
lation functions by assuming a homogeneous and short-
correlated forcing �see Eq. �10��. As the system �15� involves

the forcing in terms of ĥ1 and ĥ2 only �see Eq. �16��, it is
convenient to use the power spectrum �ij as

�h̃i�k1,t1�h̃j�k2,t2�	 =  f�2��3��k1 + k2���t1 − t2��ij�k2� ,

�19�

for i and j=1 or 2. In the case of an isotropic and incom-
pressible forcing �Eq. �11��, �ij in Eq. �19� can be written

�11�k� = ��� + a2�F�k�, �12�k� = 0, �22�k� = �F�k� .

�20�

1. Turbulence intensity

We begin by examining the effects of rotation and flow
shear on the turbulence level in wave-dominated turbulence
due to strong rotation �����A�. The effect of shear will
further be clarified by comparing results in weak shear limit
���1� with those in the strong shear limit ���1�. First,
turbulence intensity in the shear direction can be obtained by
using Eqs. �17� and �19� as

�vx
2	 =

 f

�2��3A� d3k�
a

+�

d
e−2��Q��−Q�a��

�� + 2�3/2 � �11�k�
�� + a2

cos2�v�a,�� + ��12�k�sin�2v�a,�� + �22�k��� + a2 sin2�v�a,�� .

�21�

Here, a=kx /ky, �=kz /ky, �=1+�2, �= ��ky
2� /A, and Q�x�

=x3 /3+�x. In the case of an isotropic forcing �Eq. �20��, Eq.
�21� and the turbulence intensity in the two other directions
can then be derived as

�vx
2	 =

 f

�2��3A� d3k��� + a2F�k�I0�k� ,

�vy
2	 =

 f

�2��3A� d3k�� + a2F�k����2I0k� + I2�k�� ,

�vz
2	 =

 f

�2��3A� d3k�� + a2F�k��I0�k� + I2�k�� . �22�

Here,

Ip�k� = �
a

+� pe−2��Q��−Q�a��

�� + 2�3/2 d . �23�

In order to understand the effect of shearing on turbulence
intensity in this wave-dominated turbulence, we first exam-
ine Eq. �22� in the weak shear limit ���1�, where the shear
is negligible. In this case, the integral Ip in Eq. �23� takes the
approximate value
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Ip�k� �
ap

2��� + a2�5/2 =
Aap

2�k2�� + a2�3/2 . �24�

By using Eq. �24� in Eq. �22�, we can then obtain the fol-
lowing result for the turbulent intensity:

�vx
2	 =

 f

�2��3� d3k
F�k�
2�k2

�

� + a2 ,

�vy
2	 =

 f

�2��3� d3k
F�k�
2�k2

�2 + a2

� + a2 ,

�vz
2	 =

 f

�2��3� d3k
F�k�
2�k2

1 + a2

� + a2 . �25�

Performing the integration over the angular variable, we ob-
tain

�vx
2	 =

 f

�2��3� dk
F�k�
2�

�
0

2�

d��
0

�

d� sin ��cos2 �

+ sin2 � sin2 �� =
2 f

3�2��2� dk
F�k�

�
=

1

3
�v0

2	 ,

�vy
2	 = �vz

2	 =
1

3
�v0

2	 . �26�

Here, �v0
2	 is the turbulence amplitude in the absence of ro-

tation and shear �see Eq. �12��. These results thus show that,
in the large rotation limit, the turbulence intensity is isotropic
and is equal to the one without rotation �see Eq. �12�� for
sufficiently weak shear with ��1. Furthermore, in this limit
of a sufficiently weak shear where �� ,D��A, turbulence
intensity is independent of rotation since waves do not nec-
essarily quench the turbulence level. A similar result was
also obtained in MHD turbulence and stratified turbulence
where magnetic fields and gravity waves mainly affect trans-
port without much effect on turbulence level �17,19,20�. We
shall show below that a strong anisotropy can be induced
when shearing effect is not negligible ���1� even in the
rapid rotation limit ���A�.

In order to understand the effect of flow shear, we now
consider the strong shear limit ���1�. In this limit, the inte-
gral �23� is simplified as

I0�k� =
1

�
�1 −

a
�� + a2� ,

I2�k� =
− ln �

3
. �27�

By plugging Eq. �27� in Eq. �22�, we obtain

�vx
2	 =

 f

�2��3A� d3k�� + a2F�k� � ��v0
2	 ,

�vy
2	 =

 f

�2��3A� d3k�� + a2F�k�
− ln �

3
� ��ln ���v0

2	 ,

�vz
2	 =

 f

�2��3A� d3k�� + a2F�k�
− ln �

3
� ��ln ���v0

2	 ,

�28�

to leading order in ��1. Note that in the calculation of �vx
2	,

we neglected the component proportional to a=kx /ky as it is
odd in both kx and ky and thus vanishes after integration over
the angular variables for an isotropic forcing. The last terms
in Eq. �28�, expressed in terms of the turbulence amplitude in
the absence of rotation and shear �v0

2	 �see Eq. �12��, explic-
itly show the dependence of the turbulence level on rotation
and shear. That is, all the components of turbulence intensity
is reduced for strong shear ��1. Further, the x component
along shear is reduced as ��A−1, while the other two com-
ponents are reduced as ��ln ��, with an effectively weaker
turbulence in the shear direction than in the perpendicular
one, by a factor of ln �. This shows that shear flow can in-
duce anisotropic turbulence �unlike rotation� even when the
forcing is isotropic. This result is similar to that obtained in
the simulation of a Couette flow at high rotation rate �51�
where the velocity fluctuations perpendicular to the wall ex-
ceed that in the streamwise direction. Nevertheless, Eq. �28�
shows that a strong rapid rotation yet insures an isotropy in
velocity fluctuations in y−z directions ��vy

2	= �vz
2	�.

2. Transport of angular momentum

As noted in the Introduction, rotation tends to cascade
energy to large scales while shear flow to small scales. Thus,
would the inverse cascade be a robust feature for rapid rota-
tion ���A�? If yes, what would be the effect of flow shear?
Would there be a nondiffusive momentum transport? We an-
swer these questions by first considering an isotropic forcing,
and then anisotropic forcing. The effect of shear will be elu-
cidated by looking at the two limits of weak shear ���1�
and strong shear ���1�, as done in Sec. III A 1.

First, in the case of an isotropic forcing, we obtain the
following Reynolds stress from Eqs. �17� and �19�:

�vxvy	 = −
 f

�2��3A� d3k�� + a2F�k�I1�k� , �29�

where I1 was defined in Eq. �23�. Equation �29� is computed
in the weak and strong shear limits, below.

First, in the weak shear limit ���1�, there is no contribu-

tion to leading order in �̄−1 as the function I1 is odd in a and
thus vanishes after integration over the wave vector. We thus

include one higher order in �̄−1 in the expansion and obtain
the following result:

�vxvy	 = −
 f

�2��3A� d3k
aF�k�
2�0

J�k� . �30�

Here, we defined a function J�k�, which has the following
asymptotic behavior in the weak shear limit:
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J�k� = �
a

+� e−2��Q��−Q�a��

�� + 2�3/2 sin�2�0�s�a� − s����d �

−
a�0A

2�� + a2�3/2��2k4 + �0
2�

, �31�

where �0=�0A /��+a2. Plugging Eq. �31� in Eq. �30� and
performing the integration over the azimuthal angle variable
�, we obtain:

�vxvy	 =
 fA

32�3��2� dkk2F�k��
0

�

d� sin5 �
1

�2k4 + �0
2 .

�32�

Finally, we change the integration variable from � to �0
=� cos �, obtaining the following formula:

�vxvy	 =
 fA

16�2��2����0

+�

dkk2F�k��
0

���

d�0
�1 − �0

2/�2�2

�2k4 + �0
2 .

�33�

Therefore, in the large rotation and weak shear limit, the
Reynolds stress becomes purely diffusive �with no � effect�
with the turbulent viscosity.

�T �
� f

32�2��2����0

+�

dk
F�k�

�
. �34�

This result shows that the turbulent viscosity is positive and
proportional to �−1 for large �. It is worth comparing Eq.
�34� with Eq. �22� in �31�. To this end, we use Eq. �12�,
which gives the turbulence amplitude without rotation �the
original turbulence of Kichatinov� in Eq. �34� to obtain the
turbulent viscosity �T���v0

2	 /64���. Thus, �T in Eq. �34� is
the same as Eq. �22� in �31� for ����1 and �=� /2, but has
an opposite sign. This is due to the  approximation used by
Kichatinov, which gave an unphysical result. Later, �52�
showed that the viscosity is also positive at any rotation rate
when derived consistently with quasilinear approximation in
the weak shear limit.

In comparison, in the strong shear limit ���1�, the func-
tion I1 in Eq. �23� has the following asymptotic behavior:

I1�k� =
1

�� + a2
. �35�

Plugging Eq. �35� in Eq. �29�, we obtain the turbulent vis-
cosity in the strong shear limit as:

�T =
�vxvy	

A
= −

 f

�2��3A2� d3kF�k� . �36�

Equation �36� shows that the turbulent viscosity is negative
�as F�k��0� in the strong shear limit, in sharp contrast to the
weak shear limit where �T�0 �see Eq. �34��. Furthermore,
the magnitude of �T is reduced by the shear ��A−2� and is
independent of rotation, which should also be compared with
the weak shear limit �see Eq. �34� where �T��−1�. There-
fore, the turbulent viscosity changes from positive �for weak
shear� to negative �for large shear� as the ratio of shear to

dissipation increases. This result can be understood if we
assume that, as in most rapidly rotating fluid, the inverse
cascade is associated with the conservation of a potential
vorticity �53�. In the presence of strong shear �compared to
dissipation�, the potential vorticity is strictly conserved giv-
ing rise to an inverse cascade �negative viscosity�. When the
dissipation increases, the potential vorticity is less and less
conserved and thus the inverse cascade is quenched. Our
results show that there is a transition from inverse to direct
cascade as the dissipation is increased. A similar behavior is
also found in two-dimensional hydrodynamics �HD� where
an inverse cascade can be shown to be present only for suf-
ficient weak dissipation �16�.

It is important to note that the negative viscosity �T�0
obtained here for strong rotation or strong shear ���A
��ky

2� signifies the amplification of shear flow as the effect
of rotation favoring inverse cascade dominates shearing
�generating small scales�. However, the magnitude of �T is
reduced by shear as ��T��A−2 since flow shear inhibits the
inverse cascade. This can be viewed as “self-regulation”—
that is, self-amplification of shear flow is slowed down as the
latter becomes stronger.

The preceding results �Eqs. �34� and �36�� indicate that in
the large rotation limit where rotation dominates over shear,
the momentum transport is purely diffusive for isotropic
forcing, with an opposite sign of turbulent viscosity for weak
���1� and strong shear ���1� for a fixed value of ��� /A
��1�. In the case of anisotropic forcing, there is, however, a
possibility of the appearance of nondiffusive momentum
transport �� effect�. To examine this possibility, we now con-
sider an extremely anisotropic forcing �introduced in Sec.
II C� where the forcing is restricted to horizontal plane �y
−z�, perpendicular to the direction of the shear. Using Eq.
�13� with gij =�i1, we obtain the following Reynolds stress:

�vxvy	 = −
 f

�2��3A� d3k
�G�k�

2�� + a2
��I1�k� − J��k�� + ��K�k�� .

�37�

Here, I1 was defined previously in Eq. �23� and

J��k� = �
a

+� e−2��Q��−Q�a��

�� + 2�3/2 cos�2�0�s�a� − s����d ,

K�k� = �
a

+� e−2��Q��−Q�a��

�� + 2�
sin�2�0�s�a� − s����d . �38�

We again consider the weak and strong shear limits in the
following. First, in the weak shear limit ���1�, Eq. �37� is
simplified to

�vxvy	 =
 f

�2��3A� d3k
�G�k���

4�� + a2�3/2
�0

�2k4 + �0
2 . �39�

Performing the angular integration in Eq. �39� and taking the
large rotation limit, we obtain the following:
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�vxvy	 =
 f

3�2��3�A� d3k
G�k�

�
. �40�

Equation �40� is odd in the rotation and thus represents the �
effect. Again, the latter favors the creation of velocity gradi-
ent rather than smoothing it out and can thus provide a
mechanism for the occurrence of differential rotation �e.g., in
the sun�. By using Eq. �14�, one can see that the � effect is
proportional to the anisotropy in the turbulence without shear
and rotation. This result shows that, in the large rotation
limit, one needs anisotropic forcing to generate nondiffusive
fluxes of angular momentum �as in the case without shear as
shown in Eq. �31��. This should be contrasted to the case of
weak rotation �see Sec. III B� where the shear alone can give
rise to an anisotropic turbulence, thereby leading to a � ef-
fect even with an isotropic forcing.

Finally, in the opposite, strong shear limit ���1�, Eq.
�37� becomes

�vxvy	 = −
 f

�2��3A� d3k
�G�k�

2�� + a2�
, �41�

which is even in the rotation. Thus, the turbulent viscosity �T
is obviously negative. Thus, in the large shear limit �but still
negligible compared to the rotation�, anisotropic forcing does
not induce any nondiffusive fluxes but just increases the
magnitude of the negative turbulent viscosity.

3. Transport of particles

In the large rotation limit ���� /A�1�, inertial waves
might play a crucial role in transport of particle as waves can
alter the phase relation between particle density and velocity,
as noted previously. How does this effect appear in forced
turbulence? What is the effect of shear flow on particle trans-
port dominated by waves? These questions are answered in
this section.

In the rapid rotation limit ���� /A�1�, turbulent particle
diffusivities can be obtained after a long, straightforward
analysis �see Appendix B for details about the algebra� as

DT
xx �

 f

8�����0

� F�k�
�

dk ,

DT
yy = DT

zz �
 f

16�����0

� F�k�
�

dk �
1

2
DT

xx. �42�

Note that in that case, the result is not sensitive to the value
of the parameter � and thus we do not distinguish between
the weak and large shear limits. Equation �42� shows that
DT

xx, DT
yy, and DT

zz are all reduced as �−1 �with no effect of the
shear� for large � and also that there is only a slight aniso-
tropy in the transport of scalar: the transport in the direction
of the rotation is twice larger than the one in the perpendicu-
lar direction �34�. Interestingly, this anisotropy in the trans-
port of particles is not present in turbulence intensity �see Eq.
�26��. This is because waves can affect the phase between
density fluctuation and velocity, not necessarily altering their
amplitude. However, it is important to note that this aniso-

tropy is only a factor of 2, much weaker than that in sheared
turbulence without rotation �3�.

To summarize, in this Sec. III A 1, we have examined
how a shear flow can affect the turbulent property when tur-
bulence is largely dominated by inertial waves in rapid rota-
tion limit ���� /A�1�. In particular, the results show

�1� that shear flow reduces the turbulence level with a
strong anisotropy �Eq. �28��, leading to an effectively weaker
turbulence in the direction of the shear �which would other-
wise be almost isotropic �Eq. �25���;

�2� that in comparison, the transport of particles is mainly
governed by waves with almost isotropic property �within a
factor of 2� and quenched as �−1 as the rotation rate �
increases;

�3� that energy cascade is inverse with negative viscosity
for strong rotation or shear limit ���A��ky

2�, while its rate
is slowed down by strong shear;

�4� that momentum transport is purely diffusive for iso-
tropic forcing, with nondiffusive transport appearing only for
anisotropic forcing.

B. Weak rotation limit: Ω™A

When ��A, flow shear can distort inertial waves over
the period of their oscillation, dramatically weakening the
effects of these waves on turbulence. Therefore, shear may
take a dominant role in determining turbulence property
�studied in �3�� while rotation modifies some of the proper-
ties of this shear-dominated turbulence. The investigation of
this limit would thus permit us to clarify the effects of rota-
tion as well as flow shear, thereby complementing the analy-
sis done in Sec. III A for strong rotation ���A�. Of particu-
lar interest is �1� to what extent the quenching and anisotropy
of sheared turbulence �3� are affected by rotation, which fa-
vors isotropic turbulence; �2� how the direction of the energy
cascade, which tends to be direct in 3D sheared turbulence, is
affected by rotation �which prefers inverse cascade�; and �3�
whether momentum transport can occur via nondiffusive
fluxes.

To answer these questions, we expand various physical
quantities in powers of �0= ��� /A as

X�� = X0�� + �0X1�� + ¯ , �43�

in the weak rotation limit ���A� and calculate the turbu-
lence intensity and transport up to first order in �0. For the
sake of brevity, we here just provide the final results of the
calculation. Note that in this limit, we are only interested in
the strong shear case ���1� since in the opposite limit where
�ky

2�A��, the effects of both shear and rotation simply
disappear to leading order.

1. Turbulence intensity

By using the expansion in powers of �0 �Eq. �43�� and
Eq. �19� and after a long, but straightforward algebra, we can
obtain the turbulence intensity in the shear direction as fol-
lows:
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�vx
2	 =

 f

�2��3A� d3k�11�k��L0�k� + �2�̄L1�k�� . �44�

Here,

L0�k� = �
a

+�

d
e−2��Q��−Q�a��

�� + 2�2 d ,

L1�k� = �
a

+�

d
e−2��Q��−Q�a��

�� + 2�2 
�T�� − T�a��

−
1

2
ln�� + 2

� + a2��d ,

T�x� =
1
��

arctan� x
��

� . �45�

In the strong shear limit ���1�, the integrals L0 and L1 in
Eq. �45� can be simplified as follows:

L0�k� � �
a

+� 1

�� + 2�2d =
1

2�

 �

2��
− T�a� −

a

� + a2� ,

L1�k� � �
a

+� 1

�� + 2�2
�T�� − T�a�� −
1

2
ln�� + 2

� + a2��d

= �
a

+� 
 

2��� + 2�
+

1

2�
T����T�� − T�a��d . �46�

Note that the second formula for L1 in Eq. �46� was obtained
by integration by part. The leading order behavior of Eq. �44�
coming from the term involving L0 is due to shearing effect,
showing that �vx

2	 is quenched by flow shear �A−1 �see �3��.
The effect of rotation appears as a correction proportional to
L1. One can see from Eq. �46� that this correction L1 is posi-
tive for all values of a �for a�0, the negative part of the
integral is always smaller than the positive one as the first
term is odd in  and the second one is an increasing function
of a�. Therefore, the turbulence intensity �vx

2	 in Eq. �44�
increases for ��0, whereas it decreases for ��0. This can
physically be understood from the linear instability analysis

�performed in the appendix�; that is, instability ��̄�0� in-

creases the turbulence level, while stability ��̄�0� reduces
it.

The other components of the turbulence amplitude can be
obtained by following a similar analysis in the strong shear
limit ���1� as follows:

�vy
2	 �

 f

�2��3A� d3k
�2� �

2��
− T�a��2

�11�k�

+ �22�k�� �2

3�2� 3

2�
�1/3

���1/3� + �̄�2��4/3��− ln ��� ,

�vz
2	 �

 f

�2��3A� d3k
�2� �

2��
− T�a��2

�11�k�

+ �22�k�� 1

3�2� 3

2�
�1/3

���1/3� + �̄�2��4/3��− ln ��� .

�47�

Here, � is the gamma function. The first terms in Eq. �47�
represent the turbulence amplitude in the direction perpen-
dicular to shear without rotation �3�, which are reduced as
A−2/3 for strong shear. Compared to the leading order behav-
ior of �vx

2	�A−1 in shear direction, the reduction is weaker by
a factor of �1/3. That is, a strong anisotropy in theturbulence
level can be induced for strong shear. The second terms in
Eq. �47� capture the effect of weak rotation on sheared tur-
bulence, with turbulence amplitude again being increased or
decreased depending on the sign of �̄. Furthermore, the cor-
rection comes with a multiplying factor ��ln ���1, which is
larger compared to that for the amplitude in the shear �x�
direction �which is independent of shear �Eq. �44���. There-
fore, in the stable situation ��̄�0� of our interest, weak
rotation has the effect of reducing turbulence in the y−z
plane more than the one in the shear direction. As a result,
the anisotropy induced by flow shear is weakened by rota-
tion. Interestingly, this illustrates the tendency of rotation of
leading to almost isotropic turbulence.

It is also interesting to note that the leading order terms in
�vy

2	 and �vz
2	, although apparently very similar, are not ex-

actly the same. For instance, in the case of an isotropic forc-
ing, the angular integration gives �vy

2	� �vz
2	. This slight an-

isotropy in y−z �stream and spanwise� directions in sheared
turbulence was also observed in numerical simulations of
homogeneous turbulence subject to high shear rate: the fluc-
tuating velocity in the direction of the flow is larger than the
one in the direction of the shear �8�. This can be contrasted to
the exact equipartition between �vy

2	 and �vz
2	 �see Eq. �28��

in the case of rapid rotation. This is another manifestation of
the difference between shear flow and rotation in inducing
anisotropic turbulence.

In summary, in the case of a weak rotation or strong shear
turbulence �A� ��� and A��ky

2�, the rotation tends to re-
duce the anisotropy in sheared turbulence.

2. Transport of angular momentum

As noted previously, a strong anisotropy in turbulence is
caused by strong shear in the weak rotation limit. There is
thus a possibility that this anisotropic turbulence gives rise to
nontrivial, nondiffusive momentum transport. This will be
shown to be the case below.

In the strong shear limit ���1�, momentum flux can be
derived as

�vxvy	 �
 f

�2��3A� d3k��11�k�
�


−
1

2�� + a2�
+ �2� �

2��

− T�a��2� +
�2�̄

3�
�− ln ��
�2� �

2��

− T�a��2

�11�k� + �22�k�� . �48�
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The momentum flux in Eq. �48� consists of a diffusive part
�the first half term in the integrand on the right-hand side�
and a nondiffusive part �the second half term in the integrand
on the right-hand side�. First, the diffusive part, independent

of �̄, recovers the eddy viscosity of sheared turbulence with-
out rotation �3�, showing that its value decreases as �A−2 for
strong shear. This result agrees with previous studies of non-
rotating sheared turbulence �10�, which found a Reynolds
stress inversely proportional to the shear, leading to a log
dependence on the distance to the wall for the large-scale
shear flow. Second, the nondiffusive part, the correction due

to the rotation, is proportional to �̄ and is odd in the rotation.
This is a nondiffusive contribution to Reynolds stress—the
so-called � effect. The origin of this nontrivial � effect is the
strong anisotropy induced by shear flow on the turbulence
even when the driving force is isotropic. It is important to
contrast this to the case of rapid rotation limit where nondif-
fusive fluxes emerge only for anisotropic forcing. A similar
result was also found in Sec. III A 2 �see Eqs. �34� and �36��.
This � effect �the second term in Eq. �48�� is obviously of

the same sign as �̄, whereas the turbulent viscosity �the first
term in Eq. �48�� can either be positive or negative, depend-
ing on the relative magnitude of the two terms inside the
integral. In the two-dimensional �2D� limit with kz=0 ��
=0�, we can easily show that the turbulent viscosity is nega-
tive. Note that in this 2D case, �T�0 signifies the amplifi-
cation of shear flow, while ��T��A−2 reflects that the genera-
tion of shear flow slows down for strong shear. In contrast, in
3D with an isotropic forcing, the turbulent viscosity is posi-
tive. Finally, we note that our results here are compatible
with previous studies which showed that nondiffusive fluxes
of angular momentum �30,31� are proportional to the aniso-
tropy in the background turbulence, which is induced by
flow shear in our case.

3. Transport of particles

Transport of particles has been shown to be severely
quenched by shear flow with strong anisotropic properties
�3�. We now examine how �weak� rotation affects this. In the
strong shear limit ���1�, we can find turbulent diffusivity of
particles as

DT
xx �

 f

�2��3A2� d3k�11�k�� �

2��
− T�a��2
1

+ �̄�2− ln �

3 � ,

DT
zz �

 f

�2��3A2� d3k
�11�k��2

�2 � �

2��
− T�a��2

+
�22�k�

�2 �1

3� 3

2�
�2/3

��2/3��1 + 2�̄�2− ln �

3  .

�49�

The first terms in Eq. �49� manifest the quenching of particle
transport for strong shear as DT

xx�A−2 and DT
zz�A−4/3, with

effectively faster transport in spanwise direction compared to

shear direction. That is, a strong anisotropic transport can
arise for strong shear. It is interesting to contrast this result to
that in the case of rotation where the transport in the shear
�x� direction was larger only by a factor 2 than the one in the
perpendicular direction. The second, correction terms in Eq.
�49� represent the effect of rotation and are proportional to

�̄: Thus, for ��0, the transport is increased, whereas it is
reduced for ��0. This is physically because a weak rotation

destabilizes sheared turbulence for �̄�0, whereas it stabi-

lizes for �̄�0 �see Fig. 4 and the discussion in Appendix A�.
Note that a similar behavior was also found in turbulence
intensity, given in Eqs. �44� and �47�. Thus, one can see that

for stable configuration ��̄�0� of our interest, the correc-
tions due to rotation tend to weaken the strong anisotropy
induced by flow shear. These results highlight the crucial role
of shear in transport, in particular, in introducing anisotropy.

To summarize Sec. III B, in the slow rotation limit where
turbulence is mainly governed by flow shear, turbulence in-
tensity �Eqs. �44� and �47�� and transport �Eq. �49�� can be
severely quenched with strong anisotropy due to shearing,
while weak rotation weakens this anisotropy to next order.
The strong anisotropic turbulence was shown to give rise to
a � effect for momentum transport �Eq. �48�� even for an
isotropic forcing.

IV. DISCUSSION

In Sec. III, depending on the values of the parameter �
= ��ky

2� /A, we considered two regimes: the strong shear ��
�1� and the weak shear limits ���1�. Since we are inter-
ested in the effects of flow shear as well as rotation, we here
summarize and discuss our results obtained in the limit of
strong shear with ��1. Table I summarizes our findings by
highlighting the quenching of these quantities due to large
shearing rate A and the rotation rate � �or their ratio, �
=� /A�. These results are discussed in the following.

A. Turbulence amplitude

In all the cases considered, turbulence amplitude is al-
ways quenched due to strong shear ��=�ky

2 /A�1�, with a
stronger reduction in the direction of the shear �x� than those
in the perpendicular directions. Specifically, in the large ro-
tation limit, they scale as A−1 and A−1�ln ��, respectively,

TABLE I. Summary of our results obtained in the strong shear
limit ��=�ky

2 /A�1�. The C symbol stands for an additional con-
stant of order 1.

��A ��A

�vx
2	 A−1 A−1�1+C�̄�

�vy
2	��vz

2	 A−1�ln �� A−2/3�1+C�̄�ln ���
�T −A−2 A−2

�x 0 A−2�ln ��
DT

xx �−1 A−2�1+C�̄�ln ���
DT

yy �DT
zz �−1 A−4/3�1+C�̄�ln ���
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while in the weak rotation limit, they scale as A−1 and A−2/3,
respectively. Thus, flow shear always leads to weak turbu-
lence with an effectively stronger turbulence in the plane
�y−z� than in the shear direction, regardless of rotation rate.
The anisotropic reduction of turbulence amplitude is because
of the shear which increases the dissipation �anisotropically�
by efficiently creating small-scale fluctuations in the x direc-
tion, with a direct impact on turbulence in the shear direction
�see Fig. 1�. The anisotropy in turbulence amplitude is, how-
ever, weaker by a factor of �1/3�ln �� ��A−1/3�ln ��� in the
rapid rotation limit than that in weak rotation limit since
rotation favors almost-isotropic turbulence. In the case of
weak rotation, the effect of shear on turbulence amplitude
can be understood in terms of stability of rotating shear flow
�see Appendix A for more details�. In the case of weak rota-
tion ���A�, the effect of rotation appears in combination
with the linear instability criterion in turbulence amplitude

with linear stability �̄�0 �instability �̄�0� decreasing �in-

creasing� turbulence amplitude. For stable configuration �̄
�0, the rotation thus has the effect of weakening the aniso-
tropy caused by strong shear. In summary, turbulence ampli-
tude is quenched by shear with strong anisotropy while rota-
tion tends to weaken the shear-induced anisotropy.

B. Transport of angular momentum

The transport of angular momentum was found to involve
two contributions: the turbulent viscosity �T and the � effect.
The former is a diffusive flux, making the effective viscosity
to �T+� �� is the molecular viscosity�, while the latter is a
nondiffusive momentum flux. The turbulent viscosity is
negative with inverse cascade of energy as long as rotation is
sufficiently strong compared to flow shear ���A�. This is
consistent with previous works, which showed that a turbu-
lent viscosity exists only for highly anisotropic flows �46� or
two-dimensional flows �54�. As rotation tends to make flow
two-dimensional, we expect the turbulent viscosity to be
negative. In comparison, turbulent viscosity is positive in the
opposite limit of weak rotation ���A�. This is because ro-
tation favors transfer of energy from small scales to large
scales �inverse cascade�, while flow shear efficiently creates
small scales via shearing, cascading the energy from large to
small scales. Even if the eddy viscosity is negative for strong
rotation ��A, flow shear, which transfers energy to small
scales, has an interesting effect by slowing down the rate of
inverse cascade with the value of negative eddy viscosity
decreasing as ��T��A−2 for strong shear.

The nondiffusive part of momentum transport �� effect�
can act as a source of large-scale flow, preventing a uniform
rotation from being the solution of the averaged Reynolds
equation. A strong anisotropy induced by flow shear �3�
gives rise to nontrivial � effect even for an isotropic forcing.
Note that in the absence of flow shear, the appearance of a �
effect requires a source of anisotropy in the system such as
an anisotropic forcing in which case the � effect is propor-
tional to the anisotropy in the velocity field �31,33�. Interest-
ingly, our results show that the � effect scales as A−2�ln ��,
whereas the anisotropy in the velocity amplitude is given, to
leading order, by A−4/3. Consequently, the � effect is smaller

than the anisotropy in the turbulent velocity amplitude. This
is because the anisotropy is not simply given here but has to
be induced self-consistently by the shear during the evolu-
tion. In other words, the anisotropy does not remain the same
at all times, and the resulting � effect is smaller than the
anisotropy in the velocity amplitude in the long-time limit.
One can also note that the magnitude of the � effect is not
the same in the two cases.

C. Transport of particles

The dynamics of particles transport crucially depends on
whether rotation is stronger or weaker than flow shear. When
rotation is stronger than flow shear ���A�, the transport is
inhibited by inertial waves, being quenched inversely propor-
tional to the rotation rate �i.e., ��−1�, while in the opposite
case where flow shear is stronger than rotation, it is reduced
by shearing as A−1. It is important to compare this result
with turbulence amplitude, which is quenched by shearing
even when ��A. This strikingly different behavior between
particle transport and turbulence amplitude highlights the
different roles of waves and flow shear in turbulence regula-
tion; that is, waves mainly affect transport by altering phase
relation while flow shear quenches both transport and turbu-
lence level, via enhanced dissipation.

Furthermore, in the strong rotation limit ���A�, where
the transport of particles is dominated by inertial waves, the
transport is almost isotropic with only a slight anisotropy—
the transport in the direction parallel to the rotation is twice
larger than the one in the perpendicular direction �see also
Eq. �42� and �34��. However, in the weak rotation limit, it is
flow shear that quenches particle mixing; the anisotropy in
resulting transport can be very large with much slower mix-
ing by a factor of A−2/3 in the direction of shear. The rotation
on shear-dominated turbulence weakens the anisotropy.

D. Effect of a bounded domain

The calculation of all the turbulent coefficients in the
weak shear limit ���1� and also of the transport of particles
in the strong shear limit ���1� required the evaluation of the
integrals of the following type:

I�k,�� =� H�k�
�2k4 + �0

2d3k , �50�

where �0= �� ·k� /k is the projection of the unit vector in the
direction of the wave number on the rotation axis. When the
domain of integration is unbounded �infinite�, the integration
over the angular variable of this integral becomes propor-
tional to �−1, when the rotation rate � is sufficiently large
�see Eqs. �32�–�34� for details�. This is because this integral
involves some contribution of order unity �when � ·k=0�
and others of magnitude �−2.

However, in realistic situations, the domain of integration
in Fourier space is bounded with a minimum wave number
that is permitted in the system �corresponding to a maximum
length, for instance, the size of the box� in the direction of
the rotation. If we call this minimum wave number km
=min�kx�, we can show that the preceding scaling of �−1 is
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valid only when �2k6��2km
2 . In the opposite case, the term

�0
2 in Eq. �50� is always dominant, altering this integral to

��−2 for a large rotation rate, with a stronger dependence on
�.

V. CONCLUSION

In this paper, we have performed a thorough investigation
of the combined effects of shear and rotation on the structure
of turbulence, by using a quasilinear theory. We assumed an
external forcing in the Navier-Stokes equation, which leads
to an equilibrium situation where the dissipation �whose ef-
fect is enhanced by the shear� is balanced by the injection of
energy due to forcing. It is useful to recall that there are three
�inverse� time scales in the problem: the shearing rate A, the
rotation rate �, and the diffusion rate D=�ky

2, where � is the
�molecular� viscosity of the fluid and ky

−1 is a characteristic
small scale of the forcing. The first regime of strong rotation
���A� has been studied in the strong shear �A�D� and
weak shear �A�D� limits. However, the second regime of
weak rotation has been considered only in the strong shear
�A�D� case, as the effects of both shear and rotation disap-
pear in the opposite case.

While both rotation and �stable� shear flow tend to regu-
late turbulence, there are important differences in their ef-
fects, which should be emphasized. Rotation, by exciting in-
ertial waves, tends to reduce turbulence transport more
heavily than turbulence amplitude, while shear flows reduce
both of them to a similar degree. That is, rotation �or waves�
quenches the cross phase �normalized flux� more than shear
flow does �12,17�. Furthermore, in sharp contrast to rotation,
shear flow induces a strong anisotropic turbulence and trans-
port �e.g., momentum transport, chemical mixing, etc.�.

Specifically, in the large rotation limit �����A�, we have
found

�1� the turbulent intensity is reduced only by a strong
shear �i.e., in the case of strong rotation and strong shear�
and in an anisotropic way;

�2� as the dissipation decreases �compared to the shear�,
there is a crossover from a positive to a negative viscosity;

�3� the transport of particle is reduced by rotation, with a
slight anisotropy of a factor of 2, largely unaffected by shear.

In the opposite weak rotation limit �����A�, we found
that the main reduction is due to the shear with an aniso-
tropic turbulence with preferred motion and transport in the
plane perpendicular to the shear. Rotation can slightly in-
crease or decrease the turbulence intensity and the particle

transport, depending on the sign of �̄=� /A.
Furthermore, we found nondiffusive flux for momentum

transport �the so-called � effect�, which transfers energy
from the fluctuating velocity field to the large-scale flow. In
the large rotation limit, this term can appear only for an
anisotropic forcing. In contrast, in the weak rotation limit,
rotation acting together with shear flow was shown to give
rise to nondiffusive fluxes even with an isotropic forcing.

These results can have significant implications for astro-
physical and geophysical systems. For instance, the � effect
and/or negative viscosity can provide a mechanism for the
generation of ubiquitous large-scale shear flows, which are
often observed in these objects. Furthermore, the anisotropic
mixing of scalars should be taken into account in understand-
ing the surface depletion of light elements in stars �55�. Fi-
nally, we note that numerical confirmation of our prediction
and the extension of our work to stratified rotating sheared
turbulence with or without magnetic fields remain challeng-
ing important problems, and will be addressed in future pub-
lications.
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APPENDIX A: LINEAR STABILITY ANALYSIS OF THE
HOMOGENEOUS SYSTEM

As Eq. �2� is the same as that for a perturbation u about a
basic flow U0, up to the extra forcing term f, our study gives
some insight into the stability of shear flows in the presence

2.50.0

0.5

0.1

0.2

7.5

0.3

0.4

5.0 10.0

0.0

τ

10.0

0.25

0.75

1.0

0.5

2.5 7.5

τ

5.0

0.0

0.0

X
1

(a)

X
2

(b)

FIG. 3. Evolution of the solution X1 �panel �a�� and X2 �panel �b�� as a function of  for b=−0.5 �circles�, b=0 �crosses�, and b=0.5
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of rotation. After summarizing results previously obtained by
others, we present our results in the cases where the rotation
and the shear are perpendicular and parallel, respectively.

The case of the plane shear flow in a rotating frame has
been studied by many authors, focusing on the stability both
in the laminar and the turbulent cases. In the case of a rota-

tion vector �̃=�̃ez perpendicular to the plane of the shear
flow, �56� proposed an analogy between rotation and strati-
fication �supported by the calculation of �57�� and showed
that the system was unstable if the vorticity of the shear flow
−Aez is antiparallel to the rotation and sufficiently strong.

Precisely, the ratio �=2�̃ /A must lie in the interval �0,1�
for instability. This destabilization of laminar shear flow by
rotation has a counterpart for turbulent flows, where the ro-
tation can stabilize turbulence �by decreasing its kinetic en-
ergy� or destabilize it, as shown by �58� using a displacement
argument. It is interesting to note that both Bradshaw and
Tritton arguments are pressureless. However, the Pedley cri-
terion was shown to hold by �59�, using stability analysis

confirmed by simulations �60�: the cyclonic shear ��̄�0� is

always stabilizing, whereas the anticyclonic shear ��̄�0� is
destabilizing for weak rotation while stabilizing for high ro-
tation, in agreement with the Bradshaw criterion. These con-
clusions are confirmed for a Poiseuille flow, both experimen-
tally �61� and numerically �62�, and for a plane Couette flow
�51,63�. The fact that the pressureless argument gives the
exact stability criterion is due to the fact that the modes
which are dominant in the instability process are naturally
unaffected by pressure fluctuations �64�.

The exact solution of the homogenous part of Eq. �15� for
the velocity v̂x can be found in terms of the generalized
hypergeometric function F��a1 ,a2 , . . .� , �b1 ,b2 , . . .� ,x� �65�.
Two independent solutions are

X1�� = F�
3

4
+

�1 − 4b

4
,
3

4
−

�1 − 4b

4
�,
1

2
�,−

2

�
� ,

X2�� = F�
5

4
+

�1 − 4b

4
,
5

4
−

�1 − 4b

4
�,
3

2
�,−

2

�
� .

�A1�

Here, b=�2�̄��̄−1� is �up to the multiplicative constant �2�
the quantity introduced by �56� �see the discussion in the
Introduction�. Figure 3 shows the evolution of these two
functions as a function of .

Solutions for the other components of the velocity are
obtained by using the last two equations of Eqs. �15� as
follows:

v̂y = −
1

�
�Xn�� + �2��̄ − 1�Yn��� ,

v̂z = −
�

�
�Xn�� − ��̄ − 1�Yn��� , �A2�

for n=1 or 2. Here, Y1 and Y2 are defined as

Y1�� = F�
3

4
+
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3

4
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�1 − 4b

4
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2
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� ,
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�

b
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4
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�1 − 4b
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,
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4
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�1 − 4b

4
�,
1

2
�,−

2

�
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�A3�

The plots of Y1�� and Y2�� are shown in Fig. 4.
Figure 4 shows that the eigenfunctions diverge for →�

when b�0. This is because shear flows in the presence of
rotation �perpendicular to the shear flow� is stable only for
b�0. This result agrees with �56� and �29�. We can also
notice that the solution with b�0 always decays faster than
that with b�0.

In conclusion, we recovered the Bradshaw criterion �56�.
In our notation, it states that the configuration is unstable if

B=−�̄�1−�̄��0 or, equivalently, if �̄=� /A lies in the in-
terval �0,1�. This result has already been reported by many
authors, who showed not only that the maximum destabili-
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zation occurs for �=1 /2 but also that there is an important
asymmetry with respect to �=1 /2, which is not included in
the Bradshaw criterion �29,66,67�. This is because the Brad-
shaw criterion can be recovered by a pressureless analysis:
while the pressure does not affect the most unstable modes
�64� and thus does not alter the instability criterion, it does
destroy this symmetry. We can easily show that there is in-
deed asymmetry with respect to �=1 /2 in our results: even
if Eq. �A1� for the x component of the velocity is symmetric

with respect to �̄=1 /2 �as it depends only on b=−�2B�, Eq.
�A2� for the other components of the velocity are not because

of the term proportional to �̄−1.

Appendix B: Derivation of the particle transport in the large
rotation limit

By using Eqs. �9�, �17�, and �19�, we obtain the transport
of particles in the direction of the shear as follows:

DT
xx = −

 f

�2��3A2� d3k��� + a2�1/4F�k�
S3

0

�0
,

DT
yy =

 f

�2��3A2� d3k
�� + a2F�k�

��0
�−

aS3
1

�� + a2�1/4

+
��

�� + a2�1/4 ��� + a2C3
1 − aC1

0� − �2�� + a2�1/4S1
0

+
��

2�� + a2�3/4 ��2�� + a2C1
0 − aC3

1� +
�2

2�� + a2�3/4 �aS1
0

+ �� + a2S3
1� , �B1�

where

�n
p�k� = �

a

+� pe−2��Q��−Q�a��

�� + 2�n/4 exp�i�0�s�a� − s����d ,

�n
p�k� = �

a

+� pe−2��Q��−Q�a��

�� + 2�n/4 � − a�exp�i�0�s�a� − s����d ,

Cn
p = R��n

p�, Sn
p = I��n

p�, Cn
p = R��n

p�, Sn
p = I��n

p� .

�B2�

The expression for DT
zz is omitted here as it is very similar to

that for DT
yy. The asymptotic behavior of integrals �A5� can

be obtained to leading order in �0
−1 as

�n
p�k� �

ap�2�k2 − i�0�A
�� + a2�n/4�4�2k4 + �0

2�
, �B3�

where �0=�0A /��+a2. In comparison, the functions �n
p

vanish to leading order and are thus omitted here. By using
Eq. �B3� in Eq. �B1�, we obtain the following results:

DT
xx =

 f

�2��3� d3kF�k�
�

� + a2

1

4�2k4 + �0
2 ,

DT
yy =

 f

�2��3� d3kF�k�
a2 + �2

�� + a2�
1

4�2k4 + �0
2 ,

DT
zz =

 f

�2��3� d3kF�k�
1 + a2

�� + a2�
1

4�2k4 + �0
2 . �B4�

Here, we have discarded all the terms which are odd in a �for
example, in DT

yy, the terms proportional to C1 and C3� as they
vanish after angular integration. After performing this inte-
gration, Eq. �B4� reduces to Eq. �42� given in the main text.
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